In this paper we are interested in the brush number of a graph -a concept introduced by McKeil and by Messinger, Nowakowski and Pralat. Our main aim in this paper is to determine the brush number of the two-dimensional torus. This answers a question of Bonato and Messinger. We also find the brush number of the cartesian product of a clique with a path, which is related to the Box Cleaning Conjecture of Bonato and Messinger.
Introduction
Given a graph G, we consider acyclic orientations of its edges. We are interested in an acyclic orientation in which the outdegrees are 'as close as possible' to the indegrees, in the following precise sense: we would like to minimise the quantity v∈V (G) max{0, d + (v) − d − (v)}, where d + (v) and d − (v) denote the outdegree and indegree of v respectively. This quantity is called the brush number of G, introduced in [2] and [4] .
We digress briefly to mention the original formulation, a graph cleaning problem. The set up is as follows. Initially, all edges of a graph are considered dirty and a fixed number of brushes are assigned to a set of vertices. At each step, a vertex v is cleaned by sending a brush along each incident dirty edge -but this is only allowed if there are at least as many brushes at v as there are incident dirty edges. When a dirty edge is traversed by a brush, it is considered cleaned, and brushes cannot traverse a clean edge. A graph is cleaned when there are no more dirty edges. In this formulation, the brush number, b(G) is the minimum number of brushes needed to clean a graph G. It is easy to see (or see later in this section) that these two formulations are the same.
Bonato and Messinger [1] consider the brush number of cartesian products. The cartesian product G × H of two graphs G and H has vertex set V (G) × V (H), and two vertices (a, b) and (c, d) are joined if a = c and bd ∈ E(H), or ab ∈ E(G) and b = d. Based on the fact that a graph G of order m satisfies
which follows from results in [3] and [4] , they give an elegant conjecture on bounds for the brush number of the cartesian product in general.
Box Cleaning Conjecture [1] : Given a graph G of order m and a graph H, we have
They gave several results towards verifying the conjecture for the case when H is a path or a cycle [1] .
In this short paper, we find the brush number of C m × C n for all m and n, and hence answer a question in [1] . We also determine the brush number of K m × P n ; together with the results in [1] , this verifies the Box Cleaning Conjecture for the case when H is a path.
We recall some notation from [1] . Given a cleaning process of a graph G, the initial configuration of brushes, w 0 is a function on V (G) such that w 0 (v) denotes the number of brushes assigned to v initially. A cleaning sequence α = (α 1 , α 2 , . . . , α n ) of the vertices is the order in which vertices are cleaned in a cleaning process, that is, α i is cleaned before α j for i < j. For α i α j ∈ E(G), we write α i → α j if i < j. Note that this induces an acyclic orientation of G with max{0,
Conversely, given an acyclic orientation of G, there exists an ordering of V (G) such that each edge is directed from an earlier vertex to a later vertex and so induces a cleaning sequence of G with
Hence, the graph cleaning problem is indeed equivalent to the problem mentioned at the beginning of this section.
We say a cleaning process or a cleaning sequence is optimal or good if it uses b(G) brushes.
Two-Dimensional Torus
In this section, we show that the brush number for an m by n torus is exactly 2(m + n − 2), i.e.
The upper bound is easy. Indeed, we give an initial configuration using 2(m+n−2) brushes. Let the vertex set of C m (resp C n ) be {u 1 , u 2 , . . . , u m } (resp {v 1 , v 2 , . . . , v n }) with the edge set being
, where we take u m+1 = u 1 (resp v n+1 = v 1 ). The initial configuration for C m × C n is as follows.
The total number of brushes used is 2(m + n − 2) and it is easy to see that this initial configuration suffices to clean C m × C n .
For the lower bound, we use induction on m + n. The base case would be to show b(C 3 × C n ) = 2n + 2 for n ≥ 3. The proof of this can be found in [1] , but for the sake of completeness, we will include a proof here.
Proof. We can express C 3 × C n as n copies of C 3 . Suppose C 3 × C n is cleaned using b(C 3 × C n ) brushes. Let w i be the first vertex cleaned in the ith copy of C 3 . Suppose there are k vertices in {w 1 , w 2 , . . . , w n } that received two brushes from the neighbouring copies of C 3 before it is cleaned, then there must be at least k other vertices in {w 1 , w 2 , . . . , w n } sending two brushes to both the neighbouring copies of C 3 when it is cleaned.
This gives a lower bound of the number of brushes in the initial configuration of {w 1 , w 2 , . . . , w n }, which is 4k + 2(n − 2k) = 2n. Now, look at the set of the second vertex cleaned in each copy of C 3 and let u be the first vertex cleaned in this set. It is not hard to see that either u has two brushes in the initial configuration or there are two extra brushes in {w 1 , w 2 , . . . , w n }. This completes the proof.
Now we prove the lower bound for the brush number of C m × C n for general m and n.
Theorem 2.2. For m, n ≥ 3, the number of brushes needed to clean C m × C n is at least 2(m + n − 2).
Proof. We use induction on m + n. The theorem is true for m = 3 or n = 3 by Lemma 2.1. So assume m, n ≥ 4 and suppose the theorem is true for C m−1 × C n and C m × C n−1 .
Given a cleaning sequence of C m × C n , α using b(C m × C n ) brushes with initial configuration w 0 , we claim that we can combine any two consecutive rows (or columns) to provide a cleaning sequence for C m−1 × C n (or C m × C n−1 ) without using any extra brushes.
Without loss of generality, assume we are combining the last two rows. We provide an initial configuration for C m−1 × C n , w ′ 0 from w 0 as follows.
It is easy to see that this initial configuration suffices to clean C m−1 × C n . Indeed, we can clean C m−1 × C n by going along α and whenever we come to a vertex in the last two rows of C m × C n , we clean the corresponding vertex in C m−1 × C n if it has not been cleaned.
This shows that the brush number of C m × C n is at least the brush number of C m−1 × C n .
To prove the theorem, we need to show that we can take away two brushes during this combining process while still leaving enough to clean C m−1 × C n . We claim this can be done by picking two 'correct' rows (or columns).
It is clear that the maximum number of brushes at a vertex at any time is 4 and that the sum of the number of brushes at two adjacent vertices is at most 6 in any good cleaning sequence of 2-dimensional torus. So we can go along the cleaning sequence α and locate the first vertex with less than 4 brushes in the initial configuration. This vertex must have an earlier neighbour. The two rows (or columns) where each contains one of these two vertices are the 'correct' rows (or columns). Indeed, if this vertex has 2 brushes in the initial configuration, then by combining the two 'correct' rows (or columns), the corresponding vertex would have 6 brushes in the new initial configuration; otherwise the vertex does not have any brushes initially and this implies that it has two earlier neighbours and by combining the two 'correct' rows (or columns), there would be two adjacent vertices each with 4 brushes in the new initial configuration. This completes the proof.
3 Cleaning K m × P n
In this section, we show that the brush number of K m × P n is exactly n
when m is even and n m 2 4 + 1 when m is odd.
We will assume m is even throughout this section and the case of m being odd is similar and omitted.
For the upper bound, we will give an initial configuration using n( m 2 4 ) brushes. It is natural to let the vertex set of K m × P n be {(x i , y j ) : 1 ≤ i ≤ m, 1 ≤ j ≤ n}. The initial configuration for K m × P n is as follows.
The total number of brushes used is n( m 2 4 ) and it is easy to see that this initial configuration suffices to clean K m × P n .
For the lower bound, we use induction on n. The idea of the proof is to find a new configuration for K m × P n−1 from the optimal cleaning process of K m × P n by deleting one of the end copies of K m and modifying the configuration of brushes in the adjacent copy of K m . More precisely, for each vertex in the second copy of K m , we want to add brushes to it or take away brushes from it depending on whether it has brushes in the initial configuration, whether its neighbour in the first copy of K m has brushes in the initial configuration and also whether it is cleaned before its neighbour in the first copy of K m . There are two choices for each of these three conditions, hence we can divide adjacent pair of vertices into eight classes.
We will first give a lemma to show that the base case holds, and then we will prove the inductive step, where we use very similar arguments to those in the proof of the base case. The following trivial observation turns out to be very useful in our proof. We will show the base case, that is the brush number of K m × P 2 .
Proof. Suppose K m × P 2 is cleaned using b(K m × P 2 ) brushes with initial configuration w 0 . Let u i be the ith vertex cleaned in the first copy of K m and v j be the jth vertex cleaned in the second copy of K m . In the proof, u's will always refer to vertices in the first copy of K m and v's will always refer to vertices in the second copy of K m .
We can split adjacent pair of vertices (u, v) into eight classes as follows.
Deleting the first copy of K m and modifying the second copy of K m according to which type each pair of vertices belongs to, we can give a configuration to clean K m . It is not too hard to see that if w 0 (u i ) > 0, then i ≤ Now we prove our theorem on the exact brush number of K m × P n . 
Proof. Suppose n ≥ 3. Using similar case analysis in the proof of the Lemma 3.2, we will show
Suppose K m × P n is cleaned using b(K m × P n ) brushes with initial configuration w 0 . Let u i be the ith vertex cleaned in the first copy of K m and v j be the jth vertex cleaned in the second copy of K m . In the proof, u's will always refer to vertices in the first copy of K m and v's will always refer to vertices in the second copy of K m .
Like before, we split adjacent pair of vertices (u, v) into eight classes as follows.
Deleting the first copy of K m and modifying the second copy of K m accordingly, we give a new initial configuration to clean K m × P n−1 . As before, if w 0 (u i ) > 0, then i ≤ + 2a + 2b. After deleting the first copy of K m , we need an extra brush for each vertex in A and E. We can also take away a brush from each vertex in C and G. Notice that every vertex in second copy of K m has degree m + 1 and so even if w 0 (v m 2 ) = 0, we do not need an extra brush for it. This gives a lower bound for b(K m × P n ),
We are left to show a + 2b − e + c + g ≥ m 2 .
A pair of vertices in D and a pair of vertices in E will again give a contradiction to Observation 3.1. So we have two cases to check.
Case 1: e = 0. Vertices in the second copy of K m that are in A, C, and G are those with non-empty brushes in the initial configuration. Hence we have a + c + g ≥
